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Introduction

R OBUST flutter analysis deals with aeroelastic (or aeroservoe-
lastic) stability analysis taking model uncertainty into account.

Previous works have exclusively dealt with the computation of a
worst-case flutter speed.1−3 Although a lower bound on the flutter
speed is of greater importance, an upper bound would also be useful
in procedures for and evaluation of flight flutter testing. Although
a lower bound provides a speed of flight from which a flutter in-
stability can occur, an upper bound would provide a speed of flight
that cannot be exceeded without encountering flutter. The complete
robust analysis would thus divide the flight envelope into the three
regions stable, stable or unstable, and unstable.

The quality of the robust flutter prediction is inherently depen-
dent on the uncertainty description. This makes the development
and validation testing of uncertainty descriptions for aeroservoelas-
tic models very important. If the flutter speed obtained in flight or
wind-tunnel testing does not fall within the predicted bounds, the
uncertainty description might not capture the true source of uncer-
tainty. An upper-bound estimation can thus be of significant value
in future development of robust flutter analysis and flutter testing.3,4

This Note is an extension of Borglund,3 showing how the µ-k
method for robust flutter analysis can be used for an upper-bound
flutter speed estimation. A simple model validation test based on the
experimental flutter condition is also provided. Finally, the extended
procedure for robust flutter analysis is found to give a more complete
picture of the case study in Ref. 3.

The µ-k Method
Linear flutter analysis traditionally aims at solving the Laplace-

domain flutter equation
[
M0 p2 + (L2/V 2)K0 − (ρL2/2)Q0(p)

]
η = F0(p)η = 0 (1)

where V is the true airspeed; L is the aerodynamic reference length;
ρ is the air density; η is the vector of generalized coordinates; M0 is
the generalized mass matrix; K0 is the generalized stiffness matrix;
and Q0(p) is the generalized aerodynamic transfer matrix. Structural
modal damping and the dependence on flight Mach number have
been omitted for simplicity but can easily be taken into account.
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The nondimensional Laplace variable p = g + ik, where g is the
the nondimensional damping, k = ωL/V is the reduced frequency,
and ω is the frequency of the structural vibration.

The flutter equation (1) is a nonlinear eigenvalue problem that
defines a set of eigenvalues p and corresponding eigenvectors η in
the absence of model uncertainty. These eigenvalues will be referred
to as the nominal eigenvalues. If all nominal eigenvalues have neg-
ative real parts, g < 0, the flight condition is nominally stable. The
nominal flutter boundary is reached when some eigenvalue crosses
the stability boundary g = 0 and can be computed using established
methods for flutter analysis such as the p-k and g methods.5,6

Theµ-k method is a straightforward frequency-domain procedure
to compute flutter boundaries in the presence of model uncertainty.3

The flutter equation (1) is modified to include uncertain dynamics
and posed in the form

[I − F(p)�(p)]z = 0 (2)

defined by a flutter matrix F(p), a norm-bounded block-structured
uncertainty matrix �(p), and a new set of variables z. The ma-
trix F(p) is completely determined by the flutter equation (1) and
the uncertainty description and consequently depends on the flight
condition.3

The uncertainty description typically represents perturbations to
inertial, damping, elastic, and aerodynamic forces.2,3 For example,
a versatile uncertainty description for the aerodynamic forces was
derived in Ref. 3 by assigning uncertainty to the lifting surface-
pressure coefficients. If this uncertainty description is adopted, the
uncertain aerodynamic matrix can be written as

Q(p) = Q0(p) + VQ(p)�QWQ (3)

where Q0(p) is the nominal aerodynamic matrix and �Q is a diago-
nal uncertainty matrix with unknown complex parameters δ j on the
diagonal. In short, each parameter δ j represents uncertainty in the
pressure distribution for a certain region of the lifting surface. The
weighting matrix WQ determines the magnitude of the uncertainty
such that each parameter belongs to the set |δ j | ≤ 1 and VQ(p) is an
aerodynamic perturbation matrix that determines how the uncertain
parameters influence the aerodynamic forces. By replacing Q0(p)
in Eq. (1) with Q(p) defined in Eq. (3), the matrices in Eq. (2) are
easily identified as

F(p) = (ρL2/2)WQF−1
0 (p)VQ(p) (4)

�(p) = �Q (5)

along with the new variables z = WQη and where F0(p) is the nom-
inal flutter matrix defined in Eq. (1).

For a more general uncertainty description it is reasonable to
assume that �(p) has the same properties (such as stability) as the
transfer matrices being part of the flutter equation (1) (see Ref. 7).
The uncertainty matrix �(p) is therefore assumed to belong to a set
S� that is basically defined as

S� = {�(p) : �(p) stable and continuous for k > 0 and

�(p) ∈ ∆ and ‖�(p)‖∞ ≤ 1} (6)

where the set ∆ defines the block structure ‖�(p)‖∞ =
supk σ̄ [�(ik)], and σ̄ [�(ik)] is the maximum singular value of
�(ik). The convenient norm bound ‖�(p)‖∞ ≤ 1 is achieved by
scaling of the uncertainty set [3].
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Flutter stability of the uncertain system is governed by the eigen-
values of Eq. (2). If all eigenvalues have negative real parts for all
�(p) ∈ S�, the flight condition is robustly stable (stable in the
presence of uncertainty). The µ-k method is a direct application of
structured singular value analysis8 to determine if some �(p) ∈S�

enables a critical eigenvalue p = ik, making the corresponding ma-
trix I − F(ik)�(ik) singular. The structured singular value µ of
F(ik) is defined as the reciprocal of the minimum norm of any
matrix � ∈ ∆ making I − F(ik)� singular

µ[F(ik)] = 1
/

min
� ∈ �

{σ̄ (�) : det[I − F(ik)�] = 0} (7)

If no � ∈∆ makes I − F(ik)� singular, µ[F(ik)] = 0. Now as-
sume that

µ(k) = µ[F(ik)] < 1 (8)

holds for for all frequencies k > 0. Then no eigenvalue p = ik is
possible for �(p) ∈S�. Because the eigenvalues of Eq. (2) are con-
tinuous functions of �(p) (Ref. 9), this also means that no nom-
inal eigenvalue can be shifted to the stability boundary g = 0 by
the uncertainty. Consequently, if the flight condition is nominally
stable/unstable and µ(k) < 1 for all k > 0, it is also robustly sta-
ble/unstable. The worst-case/best-case flutter boundary is thus char-
acterized by nominally stable/unstable flight conditions for which
the maximum value of µ(k) = 1. This will be discussed in more
detail in the next section.

Because only the frequency-domain aerodynamic forces are re-
quired to compute µ(k), established aerodynamic methods10,11 can
be used for the robust flutter analysis. However, the actual solution
of the optimization problem in Eq. (7) is computationally very diffi-
cult. The robust stability criterion Eq. (8) is therefore evaluated using
computable bounds for µ (Ref. 12). If the block structure ∆ is com-
plex or mixed real/complex, useful upper and lower bounds for µ
can be efficiently computed using established software packages.13

In robust flutter analysis this is always the case if uncertainty in the
aerodynamic forces is considered.3

Robust Flutter Analysis and µ-k Graphs
With the µ-k method, each flight condition is associated with

a µ-k graph. When a nominal eigenvalue approaches the stability
boundary g = 0, the minimum norm of the uncertainty required to
destabilize the system tends to zero. In the µ-k graph this will be-
come visible as a peak in the neighborhood of the frequency of
the nominal mode. If the nominal mode is stable/unstable and the
corresponding peak satisfies µ(k) < 1, the mode is also robustly sta-
ble/unstable. The upper- and lower-bound flutter speeds for a certain
mode can thus be determined by detecting when the corresponding
peak crosses the robust stability boundary µ(k) = 1.

Figure 1 illustrates the µ-k graphs for a case where a nominal
eigenvalue moves from the stable region g < 0 into the unstable
region g > 0 when the airspeed V is increased at constant flight
altitude. The right-most graph corresponds to a low airspeed for
which the system is robustly stable. When the airspeed increases to
V = Vlow, the maximum value of µ(k) = 1, and Vlow is the lower-
bound (worst-case) flutter speed. For airspeeds higher than Vlow, a
flutter instability can occur in the frequency range k ∈ [klow, kupp],
where µ(k) ≥ 1. This range is defined by the flutter frequencies that
the uncertain dynamics can produce at the corresponding flight con-
dition. At the nominal flutter speed V = Vnom the µ-k graph displays
a singularity at the nominal flutter frequency k = knom because no
uncertainty is required to destabilize the system at this condition.
If the airspeed is further increased, the nominal eigenvalue moves
into the unstable region, and the peak eventually crosses the robust
stability boundary µ(k) = 1 at the upper bound (best-case) flutter
speed V = Vupp.

If the peak of the critical mode is sufficiently distinct so that
the crossing of the robust stability boundary µ(k) = 1 can be de-
tected, the µ-k method can thus be used to compute a lower
(always possible) as well as an upper bound on the flutter speed.
If the robust flutter analysis is successful, the experimental flutter

Table 1 Comparison between predicted and
experimental flutter speeds and frequencies

Property Nom. Low. Upp. Exp.

V , m/s 14.7 13.3 16.4 16.0
f , Hz 6.47 6.35 6.42 6.40

Fig. 1 Example µ-k graphs when the airspeed V is increased at con-
stant altitude: horizontal ——, robust flutter boundary; vertical – – –,
nominal flutter frequency; and vertical –.–.–, bounds on the reduced
frequency range in which a flutter instability can occur.

speed Vexp obtained in flight or wind-tunnel testing should clearly
satisfy

Vexp ∈ [Vlow, Vupp] (9)

If the flutter speed falls within the predicted bounds, the flutter
frequency kexp should in turn satisfy

kexp ∈ [klow, kupp] (10)

where the feasible frequency range [klow, kupp] is defined by the µ-k
graph for V = Vexp (exemplified in Fig. 1). A substantial violation of
Eqs. (9) or (10) would indicate a problem with the robust analysis,
for example, that the uncertainty description does not capture the
true uncertainty mechanism.

Application to a Wind-Tunnel Model
In Ref. 3 a robust flutter analysis considering wing-tip aero-

dynamic uncertainty was developed in Matlab® (Ref. 13) for a
wind-tunnel model in low-speed airflow. The nominal analysis pre-
dicted flutter at Vnom = 14.7 m/s, the robust analysis provided the
worst-case flutter speed Vlow = 13.3 m/s, and wind-tunnel testing
resulted in Vexp = 16.0 m/s. Because the experimental flutter speed
was higher than the nominal flutter speed, no final conclusion on
the quality of the robust flutter prediction could be made.

In Table 1 the results of a complete robust flutter analysis are
compared to the experimental values in terms of flutter speed V
and flutter frequency f . The µ-k graphs for the frequency range of
interest are those illustrated in Fig. 1. Both the experimental flutter
speed and the flutter frequency are found to be within the predicted
bounds. This indicates that the aerodynamic uncertainty description
developed in Ref. 3 is useful in practice and that a fairly accurate
robust flutter prediction can be obtained. This insight would not
have been possible without the upper-bound prediction.

Conclusions
This Note has shown that the µ-k method for robust flutter anal-

ysis can be used for an upper-bound flutter speed estimation. The
flight envelope can then be divided into the three regions stable, sta-
ble or unstable, and unstable, which is particularly useful for model
validation purposes in connection to flutter testing. The extended
procedure for robust flutter analysis was successfully applied to a
wind-tunnel model in low-speed airflow and was found to enable a
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more complete judgment on the usefulness of the aerodynamic un-
certainty description and the accuracy of the robust flutter analysis.
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